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ON THE BOUNDARY BEHAVIOR OF THE CURVATURE OF 

L 2 -METRICS 

KEN-ICHI YOSHIKAWA 



Abstract. For one-parameter degenerations of compact Kahler manifolds, we 
determine the asymptotic behavior of the first Chern form of the direct image of 
a Nakano semi-positive vector bundle twisted by the relative canonical bundle, 
when the direct image is equipped with the L 2 -metric. 



1. Introduction 



Let X be a connected Kahler manifold of dimension n+1 with Kahler metric hx 
and let S = {s G C; \s\ < 1} be the unit disc. Set S° := S\ {0}. Let tt: X -> S be 
a proper surjective holomorphic map with connected fibers. Let Yi v be the critical 
locus of tt. We assume that 7r(S ff ) = {0}. We set X s — tt~ (s) for s € S. Then 
X s is non-singular for s € S°. Let lux = ^x +1 ^ e the canonical bundle of X and 
let lox/s — ^x +1 ® ( 7r *^s) _1 b e the relative canonical bundle of tt: X — > 5. The 
Kahler metric hx induces a Hermitian metric hx/s ° n TX/S = ker7r*|x\s 7r , and 
hx/s induces a Hermitian metric h Ux/s on tux/s- 

Let £ — > X be a holomorphic vector bundle on X equipped with a Hermitian 
metric /if. We write Wx/sOC) = ^x/s ® £■ I n this note, we assume that (£, /if) 



r»o ■ is a Nakano semi-positive vector bundle on X. Namely, if R£ denotes the curva- 

ture form of (£, /if) with respect to the holomorphic Hermitian connection, then 
the Hermitian form /if(V — 1-R (*)) ') on the holomorphic vector bundle TX (g) £ is 
semi-positive. Since dimS' = 1 and since (£, /if) is Nakano semi-positive, all di- 
rect image sheaves R q TT*w x /s{€) are locally free by [12]. By the fiberwise Hodge 
theory, R q TT*uix/s(£.) IS equipped with the L 2 -metric hjji with respect to hx/s 
and h ulx/s ® /if . By Berndtsson [2] and Mourougane-Takayama [7], the holomor- 
phic Hermitian vector bundle (R q TT^cux/s(S,)^L 2 ) is again Nakano semi-positive 
on S°. By Mourougane-Takayama [8], hjji induces a singular Hermitian metric 
with semi-positive curvature current on the tautological quotient bundle over the 
projective-space bundle P(R q TT*uJx/s (£))■ (We remark that there is no restrictions 
of the dimension of the base space S in the works [2], [7], [8].) 

After these results, one of the natural problems to be considered is the quanti- 
tative estimates for the singularities of the L 2 -metric and its curvature. In [14], we 
gave a formula for the singularity of the L 2 -metric on R q TT*L} X /s{€) ( CI - Sect. 2). As 
a consequence, if a q is a nowhere vanishing holomorphic section of det R q ir*LOx/s (£) > 
then there exist a rational number a, £ Q, an integer £ q > and a real number c q 
such that (cf. [14, Th.6.8]) 

log |M«)||i a = a q log H 2 + i q log(- log H 2 ) + c q + 0(1/ log \s\) (s -> 0). 
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< V^1K(S) < T - mu - T —Id Rq „ tUx/s{i : ) . 



Cl {R q KM X / S {(i),h L2 ) = { U | 2n 2| oh2 + O ( | g | 2n _| oh3 ) \ V^Tds A da. 
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In this note, we study the boundary behavior of the curvature of the holomorphic 
Hermitian vector bundle (i? 9 7r*u;jf/s(£)> hii) as an application of the description 
of the singularity of the L 2 -metric hi? given in [14]. In this sense, this note is a 
supplement to the article [14]. 

Let us state our results. Let IZ(s) ds A ds be the curvature form of R q Tr*uJx/s(0 
with respect to the holomorphic Hermitian connection associated to hi?. By the 
Nakano semi-positivity [2], [7], y/—lJZ(s) is a semi-positive Hermitian endomor- 
phism on the Hermitian bundle (R q ir*u! X /s(£,)>hL 2 ) on S°. 

Theorem 1.1. The curvature form IZ(s) ds A ds has Poincare growth near € 
S. Namely, there exists a constant C > such that the following inequality of 
Hermitian endomorphisms holds for all s G S° 

C_ 

Moreover, the Chern form Ci(R q TT*U) x /s{£),hi,2) has the following asymptotic be- 
havior as s — > 0: 

A + ( L 

Hlog| S |) 2+ ^U| 2 (logN 

Considering the trivial example X — M x 5, £ = O x , it — pr 2 , where M is a 
compact Kahler manifold, we can not expect any lower bound of \J — llZ(s) (resp. 
ci(R q Tr*LUx/s(£,)i ^l 2 )) by a non-zero semi-positive Hermitian endomorphism (resp. 
real (1, l)-form). We remark that, when Xq is reduced and has only canonical 
singularities, then we get a better estimate (cf. Sect. 5). 

As an application of Theorem 1.1, we get an estimate for the complex Hessian 
of analytic torsion. Set X s := n^ 1 (s) and £ s := t;\ Xs for s G S. Let ujx s be the 
canonical line bundle of X s and let h u>x be the Hermitian metric on uj Xs induced 
from hx- For s G S°, let t(X s , wx.Ks)) be the analytic torsion [10], [3] of the 
holomorphic Hermitian vector bundle (£ s ® w Xs , h^\x s h Ux ) on the compact 
Kahler manifold (X s ,h x \ Xe ). Let log t(X/S, u> x/s(0) be the function defined as 

lo g T(X/S,oj x/ s(0)(s) ■= logT(X s ,oj Xs (^)), s G S°. 

By Bismut-Gillct-Soulc [3], logr(X/ S,u x /s(£)) is a C°° function on S°. Moreover, 
under certain algcbraicity assumption of the family 7r : X — > S and the vector 
bundle £, there exist by [14] constants a G Q, /3 G Z, 7 G R such that 

logr(X/,S,^ /5 (e))( S )= a log| S | 2 -(^(-l)%)log(-log| S | 2 )+ 7 + 0(l/log| S |) 

q>0 

as s — > 0. By this asymptotic expansion, it is reasonable to expect that the complex 
Hessian of analytic torsion has a similar behavior to the Poincare metric on S°. 

Theorem 1.2. The complex Hessian d S s^ogr(X/S,uj x /s((,)) has the following as- 
ymptotic behavior as s — > 0: 

d sS logT(X/S,uJx/s(0) = T~?2^T — \~TvT + ° ( TUTi TivT ) ■ 

|s| 2 (log|s|) 2 VN OsN) 3 / 

This note is organized as follows. In Sect. 2, we recall the structure of the sin- 
gularity of the L 2 -mctric hii on R q Tr*u>x/s(£,)- I n Sect. 3, we prove some technical 
lemmas used in the proof of Theorem 1.1. In Sect. 4, we prove Theorems 1.1 and 
1.2. In Sect. 5, we study the case where Xo has only canonical singularities. 

Throughout this note, we keep the notation and the assumptions in Sect. 1. 



2. The singularity of the L 2 -metric 

2.1. The structure of the singularity of the _L 2 -metric. Let kx be the Kahlcr 
form of hx- In the rest of this note, we assume that (£, h^) is Nakano semi-positive 
on X and that (S,0) ^ (A,0). By [12, Th. 6.5 (i)], R q Tr*uj x /s{€) is locally free on 
S. By shrinking S if necessary, we may also assume that R q ir*uJx/s{C) IS a f ree 
Os-modulc on S. Let p 9 <G Z>o be the rank of i? 9 7r*f2^- +1 (£) as a free Os-niodule 
on S. Let {V'l, ■ • • , Vv«} c H°(S,R q TT^ujx/s{0) be a free basis of the locally free 
sheaf R q ir*u)x/s(0 on &■ 

Let T be another unit disc. By the semistable reduction theorem [9, Chap II], 
there exists a positive integer v > such that the family X XsT — >• T induced from 
7r: X — > S by the map /x: T — > 5, /i(£) = £", admits a semistable model. Namely, 
there is a resolution r: Y ^> X x$T such that the family / := pr 2 o r: Y — >• T is 
semistable, i.e., Y"o : — / _1 (0) is a reduced normal crossing divisor of Y . We fix such 
an integer v > 0. Let Herm(r) be the set of r x r-Hcrmitian matrices. 

Theorem 2.1. By choosing a basis {ipi,... ,ip Pq } of R q n tt LUx/s{£,) as a free Os- 
module appropriately, the p q x p q -Hermitian matrix 

G(*):=(ft L2 (^ a U.,^UJ) 

/las £/ie following expression 



G(t v ) = D{t) ■ H(t) ■ D(t), D(t) = diag(t- ei , . . . , r e <"> ). 

Here e\, . . . , e Pq > are integers and the Hermitian matrix H(t) has the following 
structure: There exist A m (t) € C°°(T, Hcrm(p q )) 7 < m < n, with 

n 

ff(t) = ^A m (t)(iog|t| 2 r. 

Moreover, by defining the real-valued functions a m (t) £ C°°{T), < m < np q as 

np q 

dcti/(t) = ^a m (t)(log|i| 2 ) m , 

?n— 

one has a m (0) ^= for some < m < np g . 

Proof. See [14, Th. 6.8 and Lemmas 6.3 and 6.4]. □ 

Remark 2.2. The meaning of the Hermitian matrix H(t) and the diagonal matrix 
D(t) is explained as follows. Let F: Y —>■ X be the map defined as the composition 
of r: Y -)• X x s T and pr x : X x 5 T -)• X. Then /iy := r*(/i x + dt di) is a 
Kahlcr metric on Y \ Yq. There is a basis {9\, . . . ,0 Pq } of R q f :t ujY/Y(F*£,) such 
that H(t) = (H a p(t)), H a p(t) — {p*h L 2)(6 a ,9fj), where p*h L i is the L 2 -metric on 
R q frbj Y /T{F*0 with respect to h Y and F*/i|. By [8, Lemma 3.3], R q f*uJ Y /T{F*Q 
is regarded as a subsheaf of p* R q f*uix/s(£)- Then the relation between the two bar 
sis{0i,... ,0 Pq } a,nd{p*ip l7 ... ,p*ip Pq } is given by D(t), i.e., 9 a = t e «p*ip a . More- 
over, by [8, Lemma 4.2], p*h L 2\x° is indeed the pull-back of the L 2 -metric h^go 
via p, where T° :=T\ {0}, which implies the relation G(p(t)) = D(t)H{t)D(t). 

The proof of Theorem 2.1 heavily relies on a theorem of Barlet [1, Th. 4 bis.]. 
This is the major reason why we need the assumption dimS* = 1. 
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2.2. A Hodge theoretic proof of Theorem 2.1 for a trivial line bundle. 

Assume that (£, h%) is a trivial Hcrmitian line bundle on X, that 7r: X — > S is a 
family of polarized projective manifolds with unipotent monodromy and that the 
Kahler class of hx is the first Chern class of an ample line bundle on X. We see that 
the expansion in Theorem 2.1 follows from the nilpotent orbit theorem of Schmid 
[11] in this case. 

Let Kx be the Kahler class of hx- By assumption, there is a very ample line 
bundle L on X with [kx] = C\(L)/N. Replacing kx by Nkx if necessary, we 
may assume that L is very ample. Let Hi,... ,H n G \L\ be sufficiently generic 
hyperplane sections such that the following hold for all < k < n after shrinking 

5 if necessary: 

(i) X fl H i fl • • • fl Hk is a complex manifold of dimension n — k + 1. 
(ii) The restriction of n to X n Hi n • • • fl Hk is a flat holomorphic map from 

x n Hi n • • • n H k to s. 

(iii) A s n Hi n • • • n Hk is a projective manifold of dimension n — k for s£S°. 

We set X^ k) := (ttW)- 1 ^) = X s n Hi !~l • • • !~l F fe for s e S. 

Let {-01, . . . , V'p,} C H°(S, R q ir*u> x /s) be a free basis of the locally free sheaf 
RH^x/s on S. There exists *i, . . . , * Pq G F°(X, 0™ +1 ~ 9 ) by [12, Th. 5.2] (after 
schrinking S if necessary) such that 

i>a = [(*q A k^-) (7T*ds) -1 ], ?r*ds A * Q = 0. 

By the condition n*ds A \IJ Q = 0, there exist relative holomorphic differentials ip' a G 
H°(X \ S,r,fi^-"Tg) such that <3/ Q = ip' a A ir*ds. Then the harmonic representative 
of the cohomology class if)\x s is given by ip' a A Kx\x s - Since kx = Ci(L), we get 



Hence Theorem 2.1 is reduced to the case q — 0. In the case g = 0, Theorem 2.1 is 
a consequence of Fujita's estimate [4, 1.12] and the following: 

Lemma 2.3. For <p, tp G H (X,£l x +1 ), there exist a m (s) G C U (S), < m < n 
such that 

n 

n*(ipA -tp){s) = y^ (log |s| 2 ) m a m (s) ds A ds. 

In particular, h L i{y (Tr'da)" 1 ^., V> (Tr'da)- 1 ^,) = «"' Em=o( lo g |s| 2 ) m a m (s). 

Proof. Fix o € 5°. Let 7 e GL(H n (X ,C)) be the monodromy. By assump- 
tion, 7 is unipotent. Set H := R n ir t C ®c Os°, which is equipped with the 
Gauss-Manin connection. Let {vi,... ,v m } be a basis of H n (X ,C). Since 7 is 
unipotent, there exists a nilpotent N G End(_ff"(X„, C)) such that 7 = exp(TV). 
Let p: S° 3 z — *• cxp(27riz) G S 10 be the universal covering. Since H is flat, u^ 
extend to flat sections v^ G r(S , °,p*H), which induces an isomorphism p*H = 
O— 0c H n (X , C). Under this trivialization, we have v^(z + 1) = 7 • Vfc(z). We 

define s^ (exp 27172) := exp (—zN) Vfc(z). Then Si, . . . , s m G T(S°,p*H) descend to 
single- valued holomorphic frame fields of H. The canonical extension of H is the lo- 
cally free sheaf on S defined as H := O s Si$- • -®O s s m . Set F™ := TrM x /s\s o c H 
By [11, p. 235], F" extends to a subbundlc F™ C H. 



There exists ip',ip' G H°(X \ X , 0,^, s \ x \x a ) such that p = ir*ds A tp' and -ip = 
ir*dsA~ip' on X\X . Then y' and V>' are identified with (p®(ir*ds)~ 1 ,4>®(ir*ds)~ 1 G 
H°(X, LUx/s), respectively. Since F" C H, there exist b k (t),c k (t) G 0(S°) such that 

[<P'\x a ] = YJk=i b k{s) Sfe(s) and [ip'\x s ] = Efcli c fe( s ) s fc( s )- Since 7r»o; x / s = F by 
Kawamata [5, Lemma 1], we get b k {s),c k (s) € 0(S). Then 

. ~ m m 

7r*(^A^)(s) = { / ip' Aip'}dsAds = { ^ fy (g)sj (s) A^ct (g)sfc (5)} cte A rfs. 
Jx 3 Jx s J=1 fc=1 

Substituting s fc (s) = exp (-z AT) v k (z) = z~2o<m<n { —^r N ' mw k{ z ) 1 we get 

j,k=l 0<a,b<n 

where z = ^7 logs and C^' b = J x (N a Vj) A (N b Uk). Since ir*(ip A V') is single- 
valued, so is the expression 'J2 a+b=m J b < — za z b C J a ' b . As a result, there exists a 
constant C£ e C such that Eq+6= ro ^f^^'l = C^ fe (log | S | 2 )"\ Setting 
a m (s) := Z)^fe=i Ci^bj{s)ck{s), we get the result. □ 

Remark 2.4. In the proof of Theorem 2.1, the role of the nilpotent orbit theorem is 
played by Barlet's theorem [1, Th. 4bis.] on the asymptotic expansion of fiber inte- 
grals associated to the function f{z) = zq ■ ■ ■ z n near the origin. See [14, Sects. 6.3 
and 6.4] for more details. 

3. Some technical lemmas 

We denote by Cg? (T) the set of real-valued C°° functions on T. 

Lemma 3.1. Let if {t) € Cg(T) andletr E Q and£e Z. Seth(t) := \t\ 2r (\og\t\ 2 fp(t). 
Then the following identities hold: 

(1) 9 t h(t) ^(r + ^^ + ^g!)^), 

(9\ r) -h(-t\ — ( I 1 d ti<PM \dt<p(t)\ 2 , r , I , dtipjt) \ h (,\ 

(Z) o tt n\t) - I -| t p(i og | t p) + v{ t) v(t) 2 + j + tl^iWl + v (t) J "W- 

Proof. The proof is elementary and is left to the reader. □ 



Lemma 3.2. Let I be a finite set. Fori G /, let n G Q, li G Z and ipi(t) G C£?(T). 
Se£. 9l (i) := |t| 2 ^(log|i| 2 ) £ ^,(i) /or » G J flnd. 9 (t) := £ ie7 ft(t). 

(1) If g(t) > on T°, then the following equalities of functions on T° hold: 

'n £ t d t p t \ gi 



dt]ogg = J2\T 



.. y v t t(log|t| 2 ) w/S 



a 1 1 V^ ^ + ^ giS 3 _l X V^ 



«,J 2J 



I- — ( ■ 



t t(log |t| : 



2 

9i9j 

„2 



2 



^ H * + t(log|tP ) ;-( v ^ p 3 )} g2 
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(2) If n > and < l % < N for all i e I, then as t ->• 



* i 1^ Zi+tj 9i9j . 1 \r^ 



r » r j I l» Ij 



t t(log |t| 



r,2 



■0 



(-log 1*1) 

l%(*) 2 



2 A 



Proof. (1) The first equality of (1) follows from Lemma 3.1 (1). Since 






d t m \dm\' 



|t| 2 (log|t| 2 ) T <fi tf 

by Lemma 3.1 (2), we get 
(3.1) 

a v^ ( k , dtPPi \dtfi\ 2 

gOttO = }. 9j — TTTTTi urn H 2~~ 

— s t 2 (logt 2 ) <# </? 2 



dt<Pi 



t t(log|i| 2 ) ^ 



»,je/ 



Wi 



t T t(log|i|V w 

1 y^ (_li±lj_ d t m dtiifj _ \d t <Pi\ 2 _ \d t (pj\ 2 
2^\ |t| 2 (log|i| 2 ) + <p 4 + ipj tf <pj 



dt^Pi 



By the first equality of Lemma 3.2 (1), we get 
(3.2) 



1t<Pj 



t i(log \t\ 



fj 



9i9j- 



\d t g\ 2 = £ 



9*Vi 



dtPj 



.^ z \t ^t(log|t| 2 )^ ^ A* t(l0g|t|2) p. 

EV ( r J. 4- ^ ' ^A /'rj r £j , 9 t y>j 

... U tdoglt 



5i5j 



0»Sr 



.. c/ ,. £(log|i| 2 ) W A* i(log|t| 2 ) ^ 

By (3.1) and (3.2), we get 
(3.3) 

o ip ,2 1 \r ( k + tj , %Vi , %Vj l<9t<^| 2 l^l 2 

0%S - \otg\ = o 2^ \ ~ui2n — iTm + + 2 2~ 



I, 



t "i(log|£| 2 ) + & ) \t + £(log|i| 2 ) + W 



9i9j- 



Since d t flogg = (gdtig — \dtg\ 2 )/g 2 , the second equality of Lemma 3.2 (1) follows 
from (3.3). This proves (1). 

(2) By the definition of gi(t), we get 

(3.4) 

d t m (hm\ (m = {vidttVj + <pAm) ■ |t| 2(n+rj) (iog \t\ 2 ) ii+i j 



<Pi <Pj ) g 2 g 2 



(3.5) 



(3.6) 



dm _ dm \ 9i9j _ (jfjdm - fidm) ■ \t\ 2( - ri+r ^(\og \t\ 2 ) li+t * 

Vi Vj ) 9 2 9 2 

'd m ~d m ~\ g i9j _ (d m -d^) ■ |i| 2 (^)(log|i| 2 )^ 



: -fl 



¥j 



9 Z 



9 Z 



Since the functions (fid t i<Pj + fjdtifi, fjdtfi — ifidtfj, dtfi ■ dtfj are bounded 
near t = and since |t| 2 ( r <+^)(- log \t\ 2 ) ii+e i < (- log \t\ 2 ) 2N by the definition of 
N, we get (2) by the second equality of Lemma 3.2 (1) and (3.4), (3.5), (3.6). □ 



iV 



Lemma 3.3. Let tp % e Cg(T) for < i < N and set g(t) = J2"=o( lo S 1*1 )Vi(*) 
Assume that g(t) > on T° and that <fi(0) ^ for some < i < N. Set 

I := max \i\ € Z>o- 

0<i<N, Vi (0)jtO 

Then there exists a constant C > such that the following inequalities hold 



\d t logg(t)\< 



C 



|i|(-log|*|) : 



dtt^oggit) + 



t\ 2 (-\ og \t\y 



< 



c 



|i| 2 (-l0g|t|)3- 



Proof Set I = {0, 1, . . . ,7V} and &(*) := (-log|t|)V»(*) for * e /. Namely, we 
set (r*,4) = (0,i) in Lemma 3.2. Since g(i) = ^(0)(- log |i|)*(l + (9(1/ log |t|)) as 
£ — > 0, we get for each < i < N the following asymptotic behavior as t — )■ 0: 



(3.7) 



<7i(*) 



<?(*) 



0(|t|(-log|t|)*) (*>*), 

l + 0(|t|(log|*|) n ) (* = *), 
0((-log|t|)-('--)) (i<*). 



By the first equality of Lemma 3.2 (1) and (3.7), there are constants C, C > such 
that 

N 



\d t \og g(t)\< 



C 



|t|(-log|t|)^ 



1*0 S 



.9 



< 



C" 



l*l(-iog|*D" 



This proves the first inequality. Since g(t) = <pe(0)(- log \t\) e (l + 0(1/ log |tj)), 
there exists c > such that g(t) > c > on T°. In particular 0(1/ g(t)) = 0(1). 
This, together with Lemma 3.2 (2), yields that 



(3.8) 



%log.9 = -■ 



1 



i + j 



t\ 2 (log\t\ 



2 ^ k| 2 (log|t| 2 ) 2 



E 



(*-.?) 5 



2^|i| 2 (log|t| 2 ) 2 



O 



(-log 1* 1) 
1*1 



.9. 

2A" 



Since |<?i (£)(?.,■ (t)/g(£) 2 | = 0(1/ log |t|) when i ^ j by (3.7), the second and the 
third term in the right hand side of (3.8) is bounded by |£|~ 2 (— log \t\)~ 3 as t — >• 0. 
Similarly, it follows from (3.7) that the second term of the right hand side of (3.8) 
is bounded by |£|~ 2 (— log |£|)~ 3 - The second inequality follows from (3.8). □ 



8 ken-ichi yoshikawa 

4. The boundary behavior of the curvature of the L 2 -metric 
In this section, we define TV, £ q <G Z>o as 

TV := np ai £„ := max \i\, 

a<i<N, a,(0)/0 

where ai(t) e C°°(T), < i < TV, are the functions in Theorem 2.1. Recall that 
the integer v > was defined in Sect. 2. 

4.1. The singularity of the first Chern form. 

Theorem 4.1. The following formula holds as s — > 0: 

ci(R q tt*ujx/s{€), h L 2) = I q + O ( --— — -- -3 ) \ V^lds A ds 

l|s| 2 (log|s|) 2 \J S I ( lo gN) 3 /J 

Proof. Recall that T is another unit disc and that the map /i : T — > S is defined as 
s = /i(£) = t v . By Theorem 2.1, we get 

fi* Cl (R q 7:,u; x/s (0,h L 2) = -^fl^ddlogdet G(s) = - ^±dd log dot H(t) 

ZTT Z7T 

N 

|2\ml 



2tt 



-daio g []T am (t)(iog|i| : 



We set g(t) = det H(t) = Ei=o( lo S WY^t) in Lemma 3.3. Since a;(0) 7^ for 
some < i < TV by Theorem 2.1, we deduce from Lemma 3.3 that 

(4-1) _ _ 

* fn a ,» l n /> V^dtAdt „( y/-ldtAdt\ 

Since ^{v^lds A ds/(\s\ 2 (- log |s|) m } = i/ 2 - m -/=Tdt A di/(\t\ 2 (- log |t|) m ), the 
desired inequality follows from (4.1). □ 

Remark 4.2. The Hcrmitian metric fi* deth^ on the line bundle det R q /*wwt(£) 
is good in the sense of Mumford [9]. Namely, the following estimates hold: 

(1) There exist constants C, £ > such that 

det H(t) < C(- log \t\ 2 f, (det Hit))- 1 < C(- log \t\ 2 ) 1 . 

(2) There exists a constant C > such that 

|3 t logdetff(f)|< — - — , |%logdet#(£)|< 



l*l(-log|t|)' ' " * Wl " |i| 2 (-log|t|) 2 - 

The inequalities (1) follow from Theorem 2.1. By setting g(£) = dctiJ(t) in 
Lemma 3.3, we get (2) because det H(t) = g(t) — 5Z i=0 (l°g l^| 2 ) ia i(0i a iW G 
Cg'(T) with Oi(0) 7^ for some < i < TV by Theorem 2.1. 

We do not know if the L 2 -mctric [i'h^ on R q f*ojY/T(F*£.) is good in the sense 
of Mumford, because the estimates 

\\d t H-H- l \\< uu f — , \\d- t {d t H ■ H- l )\\ < ( ' 



|*|(-log|t|)' " tv n, ~ |t| 2 (-log|i|) 2 

do not necessarily follow from Theorem 2.1; from Theorem 2.1, we have only the 
estimates \\d t H ■ H^W < C(- log \t\) e /\t\ and \\dt(d t H ■ H^W < C{- log |i|)7|i| 2 , 
where \\A\\ = '^2 i ■ \a%j\ for a matrix A — (a^). 



4.2. Proof of Theorem 1.1. Let Ai, . . . , X p be the eigenvalues of the Hcrmitian 

endomorphism \J — llZ(s). By the Nakano semi-positivity of (R q ir*uJx/s(0ihL 2 ), 

we get A Q > for all 1 < a < p q . By Theorem 4.1, we have the following inequality 

on S° 

C 

< V^lTr[TZ(s)} = Y^ A « < 



| s |2(_l 0g | s |)2- 

In particular, we get A := max Q {A Q } < C/(|s| 2 (— log |s|) 2 ). We get the desired 
inequality for \J — llZ(s) from the inequality \/ — lTZ(s) < A • Idflg TtWx /g (£)- The in- 
equality for ci(R q ir*ujx/s({i)i ^-l 2 ) is already proved in Theorem 4.1. This completes 
the proof. □ 

4.3. Proof of Theorem 1.2. By the curvature formula for Quillen metrics [3], 
the following equation of currents on S° holds 

- dd c logT(X/S,u x/s ) + Y,(-±) q ci(R q ^ x/s (0,h L 2) 

(4.2) ?>o 

= [ir*{Td(TX/S, h x/s )ch(Lo x/s (0)}} (2) , 

where [A]( p > denotes the component of degree p of a differential form A. By [13, 
Lemma 9.2], there exists r e Q>o such that as s — >• 

(4.3) _ 
^ { T d (TX/S,h x/ s)o H . x/ smr(s) = O ^-l\sn-lo,\ s \ rds A d ^ 

By Theorem 1.1, we get 

(4-4) _ _ 

v^, ,g , „ u , , > E g >o(- 1 )% ^/^ldsAds ( ^J~A ds A ds 

^ 2tt |s| 2 (-log|s|) 2 Vkl 2 (-log|s|) 3 

By (4.2), (4.3), (4.4), we get on S° 
r -^ ™ ,„,„ ^ T. q >a(- l ) ql q V=l ds A ds „ ( ^f-i ds A ds 



— — dd\ogT(X b,u x/s ) = : -^ +0 ; |2 , j-rr^ . 

2vr 2tt |s| 2 (-log|s|) 2 \M 2 (-log|s|) 3 / 

This completes the proof. □ 

5. Canonical singularities and the curvature of L 2 -metric 

In this section, we assume that the central fiber X is reduced and irreducible 
and has only canonical (equivalently rational) singularities. Then G(s) = (G a s(s)) 
is expected to have better regularity than usual. To see this, set 

n 

B(S):=C°°(S)® ®\s\ 2r (log\s\) k C°°(S)cC°(S). 
reQn(o,i] fc=o 

By [14, Th. 7.2], the L 2 -metric hi? on R q ir*u! X /s(£,) is a continuous Hcrmitian 
metric lying in the class B(S). Namely, G a p(s) <G B(S) for all 1 < a, fi < p q . 

Proposition 5.1. If Xq has only canonical singularities, then there exists r G Q>o 
and C > such that the following inequality of real (1, 1)- forms on S° holds 

< Cl (R q ir t uj x/s (0,h L 2) < C | ' ' ; . 

|s| 2 (-log|s|) 2 
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In particular, the curvature ilZ(s) ds A ds satisfies the following estimate: 



0< 



-m(s) < 



C\ t 



] S |2(-log| S |)2 



Id 



RlTT, 



ux/s 



(«)• 



Proof. Since G a a(s) is continuous on 5, we may assume by an appropriate choice 
of basis that G a s(0) — 8 a p. Since det G(s) £ B(S), there exist a finite set I and 
(r i7 £i) € Q >0 x Z> for each i £ I such that 

det G(s) = 1 + J2 \s\ 2r *(log \ S \ 2 ) e >^(s). 
iei 
We set r — 0, to — and <fio(s) = 1- For i e {0} U /, we set gi(s) := 
|s| 2ri (log|s| 2 ) £i (fii(s). By Lemma 3.2 (2) applied to det G(s), we get 

- d sS log det G(s) 

= 1 v _ 4 + £, 
2 



|s| 2 (log|s| 
i.jeiu{o} ll Bl 

,'(-log|*|) 2JV 



' 9 2 2 . .^ 



i,jG/U{0} 



■C 7 ' t A 



< 



c E 



(4 + ^)l*l 2(ri+r ' ) 



S | 2 (log| S |2) 



2\2 



i,ie/u{o} 

'( log|t|) 2 ^ 



■* E 

i,je/u{0} 



s(log|s| 2 ) 



C j C -i 



5^ 
<7 2 



s(log|s| 2 ) 



|2(r,+r 3 ) 



o 



1*1 



Setr :=min ie/ {ri} > 0. Since n+r^ > r for all (i,j) e (/U{0})x (/U{0})\{(0, 0)}, 
we get 

24 „ v^ | s | 2 (^+^) C|s| 2r 



-ds* log det G(a) < C- 



S |2(log| S |2)2 



* E 



|a| 2 (log|a| : 



< 



| S |2(log| S |2)2- 



(»,J')^(0,0) 

because £o = 0. Since — 9 sg log det G(s) > by the Nakano semi-positivity of 
(R q ir*(jJx/s{€)ih L 2) by [2], [7], we get the first inequality. The proof of the second 
inequality is the same as that of the corresponding inequality of Theorem 1.1. □ 
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